The thermal density depression (or "density hole") produced by a high-repetition-rate femtosecond filament in air acts as a negative lens, altering the propagation of the filament. We demonstrate the effects of externally driven gas motion on these density holes and the resulting filament steering, and we derive an expression for the gas velocity that maximizes the effect. At gas velocities more than ∼3 times this value, the density hole is displaced from the filament, and it no longer affects filament propagation. We demonstrate density hole displacement using an audio speaker-driven sound wave, leading to a controllable, repeatable deflection of the filament. Applications are discussed, including quasi-phase matching in gas-based nonlinear optics. To the best of our knowledge, this is the first demonstration of femtosecond filament propagation control through controlled motion of the nonlinear medium. When an intense ultrashort optical pulse propagates through transparent media, the interplay of diffraction, self-focusing, and plasma defocusing can result in the propagation of a high-intensity core portion of the beam (typically of width ∼50-100 μm) over many Rayleigh lengths without appreciable intensity reduction [1] . This phenomenon has been called "femtosecond filamentation." The high intensity and long interaction length can enable self-compression [2-4] and highharmonic generation [5] [6] [7] . In air, the propagating pulse deposits energy through plasma generation and molecular rotation of nitrogen and oxygen [8, 9] . This energy deposition thermalizes and eventually dissipates, first by acoustic wave emission after an acoustic timescale τ a ∼ a∕c s ∼ 100-300 ns, where a is the filament core radius, and c s ∼3 × 10 4 cm∕s is the sound speed in ambient air, followed by thermal diffusion. At the time of acoustic wave emission, t ∼ τ a , a density depression (or "density hole") of peak depth of up to ∼30% of ambient density and maximum peak temperature change ΔT ∼ 100 K begins to broaden and decrease by thermal diffusion over several milliseconds, a timescale set by the thermal diffusivity of air.
The thermal density depression (or "density hole") produced by a high-repetition-rate femtosecond filament in air acts as a negative lens, altering the propagation of the filament. We demonstrate the effects of externally driven gas motion on these density holes and the resulting filament steering, and we derive an expression for the gas velocity that maximizes the effect. At gas velocities more than ∼3 times this value, the density hole is displaced from the filament, and it no longer affects filament propagation. We demonstrate density hole displacement using an audio speaker-driven sound wave, leading to a controllable, repeatable deflection of the filament. Applications are discussed, including quasi-phase matching in gas-based nonlinear optics. To the best of our knowledge, this is the first demonstration of femtosecond filament propagation control through controlled motion of the nonlinear medium. When an intense ultrashort optical pulse propagates through transparent media, the interplay of diffraction, self-focusing, and plasma defocusing can result in the propagation of a high-intensity core portion of the beam (typically of width ∼50-100 μm) over many Rayleigh lengths without appreciable intensity reduction [1] . This phenomenon has been called "femtosecond filamentation." The high intensity and long interaction length can enable self-compression [2] [3] [4] and highharmonic generation [5] [6] [7] . In air, the propagating pulse deposits energy through plasma generation and molecular rotation of nitrogen and oxygen [8, 9] . This energy deposition thermalizes and eventually dissipates, first by acoustic wave emission after an acoustic timescale τ a ∼ a∕c s ∼ 100-300 ns, where a is the filament core radius, and c s ∼3 × 10 4 cm∕s is the sound speed in ambient air, followed by thermal diffusion. At the time of acoustic wave emission, t ∼ τ a , a density depression (or "density hole") of peak depth of up to ∼30% of ambient density and maximum peak temperature change ΔT ∼ 100 K begins to broaden and decrease by thermal diffusion over several milliseconds, a timescale set by the thermal diffusivity of air.
During this phase of the evolution, the density hole is in pressure balance with the ambient gas. The result is an extended and long-lived channel of decreased gas density [10] [11] [12] . This extended density hole plays a role in potential applications such as the triggering of electrical discharges [10, 11] and is central to our development of long-lived air waveguides [13, 14] .
If the repetition rate of a train of filament-forming pulses is high enough (> ∼200 Hz in air), each pulse propagates through the cumulative density hole left behind by the filaments generated by the preceding pulses. The density hole acts as an effective negative lens, altering the propagation of the filaments [12, 15] . In Ref. [15] , it was shown that upward motion of the heated gas due to buoyancy leads to deformation of the cumulative density hole and a downward deflection of the laser beam, without appreciable change in the mode quality. Any motion of the gas in which the cumulative density hole is embedded can cause beam steering. For example, we have found that a 1 kHz repetition rate filament in air propagating along the axis of a metal tube, installed to block laboratory air currents, is extremely sensitive to vibrations of the tube. We attribute this to the coupling of tube vibrations to the motion of the air inside the tube.
The density hole can be viewed as a transducer, coupling the movement of air to optical propagation. While the sensitivity of the beam pointing to small gas flows could be deleterious for some applications of filament-induced density holes, it also suggests avenues of control. In this Letter, we discuss the effects of gas motion on high-repetition-rate filaments in air. We first present a simple model based on the effect of air heating by a femtosecond filament on the propagation of a subsequent filament. This gives a lower bound on the beam deflection effect. We then simulate the effect of the cumulative density hole produced by a high-repetition-rate femtosecond filament in the presence of a steady-state gas flow. Then the experimental results demonstrating controlled beam deflection using a loudspeaker-driven acoustic wave are presented. These are compared to numerical simulations.
At the typical peak intensity of 10 13 -10 14 W∕cm 2 and pulse duration <100 fs of a filamenting optical pulse, energy is deposited in air by field ionization (plasma generation) and two-photon rotational excitation (molecular rotation) [16, 17] , as discussed earlier. With respect to the hydrodynamic and thermal timescales of air, this deposition is an impulse excitation [12] , because the electron-neutral collision time (<0.5 ps), the electron-ion recombination timescale (∼1 ns), and the thermalization time of the excited rotational population (∼100 ps) [18] are all much less than the acoustic timescale τ a . Therefore, one can assume as the initial condition for driving the hydrodynamic and thermal response of the air, that the filament's impulse deposition of energy is entirely repartitioned into the thermal degrees of freedom of neutral air [12] . Our previous work has measured and simulated the air acoustic and thermal dynamics of single filaments and arrays of filaments [19] , and this assumption is well supported.
Here we are mainly interested in the thermal portion of the dynamics at times t > τ a , where the density hole, starting from its maximum depth and peak temperature, decays by thermal diffusion. Throughout this process, the density hole is in pressure balance with the ambient air. The cross-sectional temperature profile during diffusive relaxation of an approximately axially (z) invariant section of density hole is well modeled by T x, y, t T a ΔT t exp−x 2 y 2 ∕R 2 t, where
1∕2 , R 0 is the 1∕e radius of the initial Gaussian temperature distribution with peak temperature change ΔT peak , T a is ambient air temperature, and α 0.19 cm 2 ∕s is the thermal diffusivity of air [20] . For the energy deposition of typical single filaments, ΔT peak ∼ 50-100 K [12, 13] . As the air is in pressure equilibrium during this phase of the evolution, the change in density is given by ΔN ∕N a ≈ −ΔT ∕T a , where N a is the ambient gas density.
The density changes affect the propagation of light through the dependence of the refractive index on density. The change in index at time delay t for a single pulse is
where n 0 is the ambient refractive index. In air at T a 300 K, N a 2.5 × 10 19 cm −3 , and n 0 − 1 2.8 × 10 −4 , an initial density drop at t ∼ τ a of ∼30% consistent with ΔT peak ∼ 100 K gives Δn ∼ 5 × 10 −7 after 1 ms, enough to measurably affect the propagation of a 1 kHz filament [12, 15] .
At high repetition rates, the thermally induced change in density due to many pulses accumulates, deepens, and deviates from a pure Gaussian shape [12, 15] . Consider a train of pulses indexed by m starting at 0. For small temperature changes, the density changes due to each pulse can simply be added, so that the cumulative index change just before the arrival of pulse m is Δn ≈ P m i1 Δn single iΔt, where Δt is the interval between pulses. For Δt ≫ R 2 0 ∕4α, we find
4αΔt γ lnm, where γ ≈ 0.577 is the Euler-Mascheroni constant. The divergence of this expression for large m would seem to indicate that the temperature of the gas in the filament core rises without limit, as the pulse train continues depositing energy in the gas. In a real gas, however, neglected effects such as convective gas motion limit the temperature rise.
If the deepest point of the density hole is not centered on the laser beam, the filament will propagate through a refractive index gradient, causing it to deflect. This has been measured and modeled in our prior work, where the center mismatch is caused by buoyancy of the density hole, with local upward motion of the air [15] . In this Letter, we are interested in the effect of externally driven air motion on the filament. Filament deflection can be estimated using a ray propagation model [15] . For a weak deflection angle Δθ < RΔt∕L, where L is the filament length, a reasonable approximation is that a ray sees the same refractive index gradient as it passes through the region containing the density depression. The deflection angle is then proportional to the distance D that the beam propagates through the region of the refractive index gradient. Returning to the assumption that only the effect of the immediately preceding pulse matters we find, using Eq. (1)
(2) The deflection angle Δθ∕D is maximized for x 0 Rt∕ p 2. If the density hole is generated in a steady gas flow of velocity u, it is displaced by x 0 uΔt in a time interval Δt. Therefore, the velocity u defl at which a subsequent pulse delayed by Δt is maximally deflected is u defl Rt Δt∕ p 2Δt. In air, for an initial Gaussian density profile full-width at half-maximum of 2R 1∕2 2ln 2 1∕2 R 0 ∼ 50 μm, ΔT peak 50 K, and Δt 1 ms (for a 1 kHz laser), u defl 0.2 m∕s, and Δθ∕D 1.5 mrad∕m of propagation.
The non-Gaussian density profile produced by pulse train heating of a gas moving at a constant flow velocity u is simulated by numerically solving the heat flow equation ∂T ∕∂t −α∇ 2 T , assuming a sequence of pulses, indexed by m starting at 0 and separated by Δt 1 ms. The entering laser beam is centered on x, y 0, 0. Pulse m 1 first samples the density hole, which has moved a distance Δx uΔt after initial generation. Each pulse changes the temperature profile by δT x, y, giving a cumulative temperature profile change of ΔT x, y. The result is an asymmetric accumulation of heating [15] . Figures 1(a) and 1(b) show the density hole profile ΔN x, y ≈ −N a ΔT x, y∕T a seen by pulse m for flow velocities u 0.1 m∕s and u 0.3 m∕s. Since the density hole acts as a negative lens, the filament deflects in the direction opposite the translation of the density hole [15] .
The effect of the accumulated energy deposition and air heating on successive pulses can be studied by examining the evolution of the deflection with the pulse number, as calculated using Eq. (2) and shown in Fig. 1(c) . The deflection increases with the pulse number until a steady state is reached, with the steady state reached faster with a higher flow velocity. The dependence of beam deflection on the flow velocity is shown in Fig. 1(d) for various pulses m in the pulse train. For pulse m 1, the deflection is maximized for u u defl, max 0.2 m∕s, consistent with the prediction of Eq. (2). For later pulses (m 5, 9, 14), the deflection is maximized at a lower flow velocity while, at high velocities, all curves asymptotically approach the prediction of Eq. (2), which includes only the effect of the previous pulse in the train. This is because the gas is moving so rapidly that the temperature rise from previous pulses has been swept away. At a sufficiently high flow velocity, the density hole produced by pulse m is displaced by more than its width so that pulse m 1 encounters nearly unperturbed gas. From Fig. 1(d) , it is seen that this occurs for flow velocities > ∼3u defl, max . Therefore, for high-repetition-rate laser pulses, one can avoid the effects of a cumulative density hole with a sufficiently rapid gas flow.
Controllable, rapidly changing gas velocity distributions can be generated with acoustic waves. Consider a monochromatic sound wave of frequency Ω with f Ω∕2π < ∼1 kHz. For the air sound speed of c s 340 m∕s, this corresponds to acoustic wavelength λ a c s ∕f > ∼30 cm, much larger than the width of the cumulative density hole, which is millimeters at most. Thus, a filament produced in such an acoustic field would encounter air with a locally uniform density and an oscillating flow velocity. The acoustic amplitude is ordinarily given in decibels as A s 20 log 10 P rms ∕P [21] . The peak mean particle velocity v∼u is related to P rms by v 2 1∕2 P rms ∕Z, where Z 410 Pa · s∕m is the acoustic impedance in air at standard atmospheric conditions [21] . The maximum gas displacement Δx u∕f . To produce a displacement of order of the density hole width after 1 ms, Δx ∼ 300 μm, an acoustic level of 101 dB is required at f 25 Hz.
A diagram of the experiment is shown in Fig. 2 . Pulses of energy 2.4 mJ, pulse width 50 fs, and wavelength 800 nm from a 1 kHz Ti:sapphire amplifier were focused in air with a 1 m lens at f ∕250 to generate a ∼30 cm long filament, as estimated by the extent of the plasma fluorescence. Based on the observation of the far-field mode profile, the beam propagated as a single filament. A speaker (30 cm diameter subwoofer) was placed 25 mm below the filament's most intense region. The beam pointing in the far field was measured using a quadrant detector [15] . The signal from the detector was calibrated so that the beam deflection could be found in milliradians. The speaker was driven by a sinusoidal waveform at 25 Hz. We measured the acoustic output of the speaker with a microphone and found it to be free of harmonic distortion for all amplitudes used in the experiment. We did not have a way of relating the peak current amplitude driving the speaker to the maximum velocity. However, based on the observed motion of the speaker in its linear regime, (up to <1 cm peak-to-peak) and the driving frequency, we can place an upper bound of 0.75 m/s on the peak velocity. This is consistent with our simulations, as discussed later.
The left side of Fig. 3 shows the measured deflection of the beam as a function of time. At the lowest driving amplitude (0.5 A peak input current), as shown in the top left panel, the deflection is roughly sinusoidal and oscillates at 25 Hz. In this case, we expect the maximum driven flow velocity to be less than ∼u defl, max . At higher driving current amplitudes (middle and bottom panels), the deflection undergoes a more rapid, hard saturation at ∼1.0 mrad and rebounds, as seen in the increasing "cupping" at the curve peaks. We attribute this to the fluid velocity in the sound wave exceeding several times u defl, max . Under these conditions, the speaker-induced air motion translates the density hole increasingly out of the path of successive femtosecond filaments, thus reducing the measured deflection. The maximum deflection amplitude of <0.25 mrad is consistent with our earlier estimates given a filament length of ∼0.3 m. The right side of Fig. 3 shows simulations of the beam Fig. 2 . Experimental diagram. The femtosecond filament propagates over a speaker, and the beam deflection is measured using a quadrant photodiode downstream. deflection as a function of time in a sinusoidally oscillating gas flow (for peak gas velocities of 0.02, 0.15, and 0.35 m/s) using the first line of Eq. (2) to find the beam deflection from the temperature distribution calculated using the heat equation, assuming an initial temperature rise of 50 K and a 30 cm filament. The simulation assumed axially uniform heating over the full filament length and an axially uniform translation of the gas by the speaker. We find excellent agreement, except for an asymmetry in the experimental data. We speculate that this is caused by a small DC air flow, produced either by buoyant motion of the heated gas [15] or air currents in the laboratory. Introducing small tunable drifts to the simulations (not shown here) reproduces the asymmetry and results in an even better match.
In summary, we have explored the steering of highrepetition-rate femtosecond filaments by externally driven gas flows, demonstrating acoustically driven beam deflection. The control of beam pointing is one potential application, but there are other promising applications. Quasi-phase matching in gasbased nonlinear optics has been used for high-harmonic generation based on modulated hollow core glass waveguides [22] . Sapaev et al. theoretically considered direct production of density modulations using an acoustic wave [23] . This requires very high-intensity, high-frequency sound. By combining lower-frequency, lower-amplitude sound with filamentproduced density depressions, it would be possible to create density modulations an order of magnitude higher than those that can be easily produced by sound alone. A modulation of the sound amplitude could be produced in an acoustic cavity, or simply by placing a mask between a speaker and the filament in the near (acoustic) field. The use of this effect could enable quasi-phase matching of high harmonics at high repetition rates in the filamentary or sub-filamentary intensity regime. (FA9550-16-10284, FA9550-16-10121) ; Army Research Office (ARO) (W911NF1410372); National Science Foundation (NSF) (PHY1619582). 
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